CONTACT STRUCTURES ON PRINCIPAL CIRCLE BUNDLES 

FAN DING AND HANSJORG GEIGES 

^T^ ' Abstract. We describe a necessary and sufficient condition for a principal 

^ ^ circle bundle over an even-dimensional manifold to carry an invariant contact 

O i structure. As a corollary it is shown that all circle bundles over a given base 

Uj ' manifold carry an invariant contact structure, only provided the trivial bundle 

^~J ' does. In particular, all circle bundles over 4-manifolds admit invariant contact 

structures. We also discuss the Bourgeois construction of contact structures 
on odd-dimensional tori in this context, and v^e relate our results to recent 
CN ' work of Massot, Niederkriiger and Wendl on weak symplectic fillings in higher 
dimensions. 

o' 

^ . 1. Introduction 

-)— » . 

•^ ' The study of invariant contact structures on principal S'^-bundles can be traced 

back to the work of Boothby and Wang [2], cf. [71 Section 7.2]. They observed that 

if the Euler class of the bundle can be represented by a symplectic form on the base, 

a suitable connection 1-form will be an invariant contact form. Their main result 

^ ' was that any contact form whose Reeb vector field is regular essentially arises in 

OO I this way. These contact structures are transverse to the S^-fibres. 

\! ' The classification of invariant contact structures on S'-'^-bundles over surfaces 

was obtained by Lutz [13]. In the present paper we extend his results to higher 
dimensions. We derive a necessary (Proposition 13. 6|) and sufficient (Theorem 14. 1|) 

^.^ , condition for an S'^-bundle to admit an invariant contact structure. Our explicit 

way of building an invariant contact structure from a certain symplectic splitting 
of the base manifold is inspired by the work of Giroux [9] on convex hypersurfaces 
(corresponding to M- invariant contact structures) , and it extends a construction by 
Stipsicz and the second author [8] from trivial to nontrivial bundles. In fact, as a 
consequence of our existence criterion we can show that if the trivial S'^-bundle over 
a given base manifold admits an invariant contact structure, then the same is true 
for all nontrivial S^-bundles (Corollarv lS.ip . Combining this with the main result 
from [8] we conclude that all S'^-bundles over 4-manifolds carry invariant contact 
structures. 

In Section 15.31 we discuss the relation of the results in the present paper with 
Bourgeois's construction of T^-invariant contact structures on TV x T^, where N is 
any closed contact manifold, starting from an open book decomposition of N. 

In Sect ion [5T2] we demonstrate by an example that the topology of the total space 
of the 5'^-bundle is not, in general, determined by the symplectic splitting of the 
base. However, as we prove in SectionEl once the topology of the bundle is fixed, the 
symplectic splitting of the base determines the invariant contact structure on the 
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2 FAN DING AND HANSJORG GEIGES 

5'^-bundle up to equivariant diffeomorphism. This classification result is formulated 
in terms of ideal Liouville domains, a notion introduced by Giroux and discussed 
at length by Massot et al. [T^ . 

2. Conventions 

This section merely serves to fix our normalisation conventions regarding prin- 
cipal connections. Let it: M — >• i? be a principal S'^-bundle. Write dg for the 
vector field on M generating the 5'^-action. By a connection 1-form ip we mean an 
S^-invariant form on M, i.e. Lggip = 0, normalised by ip{de) = 1. Up to a factor 
2tt this Ip is what Bott-Tu [3] call the global angular form. 

The 2-form d^" is then ^^-invariant and horizontal, where the latter means that 
idgdtp = 0. It follows that dip induces a closed 2-form tu on B, that is, dtp = 
7T*uj. This 2-form w is called the curvature form of the connection ip. The (real) 
Euler class of the S'-'^-bundle is the cohomology class given by e = — [a;/27r] G 
H^^{B), where H^^ denotes de Rham cohomology. This Euler class is an integral 
cohomology class in the sense that it lives in the image of the inclusion H^{B; Z) C 

Given a further closed 2-form w' on B with [lo'] = [uj] G H^^{B), one can find 
a connection 1-form ip' with dtp' = 7t*uj' . Indeed, we have w' = w -I- d7 for some 
1-form 7 on B, and we may then set tp' = tp + 71*7. The difference between two 
connection 1-forms with the same curvature form is a closed horizontal 1-form. 

By slight abuse of notation we shall not usually distinguish between an S^- 
invariant and horizontal differential form on M and the induced form on B. 

Principal 5^-bundles over B are classified by their Euler class in integral coho- 
mology H^{B;Z). The real Euler class e G H^^^{B) does not completely classify 
5'^-bundles in the presence of torsion in H^{B;'Z); there are nontrivial 5'^-bundles 
with flat connections, see [12]. This issue will be of relevance in Section [6] only. 

3. Symplectic decompositions 

Assume now that i? is a closed, connected, oriented 2ri-manifold and n: M ^ B 
a principal 5^-bundle as before, with the corresponding orientation on M. Suppose 
that M admits an S'^-invariant cooriented contact structure ^ = ker a such that 
a A (da)" is a (positive) volume form for this orientation of M . The contact form 
a may likewise be taken to be S'^-invariant, for we can always pass to the averaged 
contact form 



U a. 

Then u :— a{do) defines a smooth ^^-invariant function on M. With tp a con- 
nection 1-form on M , define a 1-form /3 on M by 

a = /3 + utp. 

This /3 is 5'^-invariant and horizontal. Thus, both the function u and the 1-form f3 
descend to B. 

Write Lo for the curvature form of tp as in the previous section. 

Lemma 3.1. The 2n-form 

n := (d/3 + uuj)"^^ A [nl3 Adu + u(d/3 -I- uuj)] 
is a volume form on B. 



CONTACT STRUCTURES ON PRINCIPAL CIRCLE BUNDLES 3 

Proof. A straightforward computation gives a A (da)" ~ ij} Afl. D 

The terminofogy in the following definition is chosen because of the obvious 
analogy with the theory of R- invariant contact structures near convex hypersurfaces 
in the sense of Giroux [S], cf. [THl Definition 4.3]. 

Definition 3.2. The dividing set of B induced by the contact structure ^ is the 
set 

r:^{peB: u{p) = 0}. 
We write 

B± —{peB: ±u{p) >0}, 
so that B\r = Int{B+) U Int(B_). 

In [T3] it was shown that for dim B — 2 this dividing set classifies invariant con- 
tact structures up to equivariant diffeomorphism. The importance of this dividing 
set even for the classification of non-invariant contact structures on circle bundles 
over surfaces was observed by Giroux [TDj . 

Lemma 3.3. The dividing set T is a (possibly empty) closed codimension 1 sub- 
manifold of B. The l-form /3o := /3|Tr is a contact form on T, inducing the 
orientation of T as the boundary of B+ . 

Proof. From the preceding lemma it follows that 

-dMA/3A(d/3)"-i >0 

along r, and — dw evaluates positively on vectors pointing out of _B+. D 

We now want to show that there are symplectic forms on B± representing the 
Euler class of the bundle and compatible with the contact structure ker /3o on the 
boundary in the sense of the following definition. 

Definition 3.4. Let (VF, w) be a compact symplectic manifold of dimension 2n, 
oriented by the symplectic form w, and rj — ker/3o a cooriented (and hence oriented) 
contact structure on dW inducing the boundary orientation. We say that {W, w) 
is a weak filling of [dW, rf) if 

(wi) [dPof hLu'''-^-^\^>{) foraU fc = 0,...,n-l. 

Observe that this condition does not depend on the choice of contact form for r] 
(among forms inducing the given coorientation) . This definition of a weak filling is 
essentially the one proposed by Massot et al. [M] (in contrast with earlier definitions, 
where only aj"~^|^ > had been required). In fact, they demand 

(w2) (6d/3o + '^)""\ > for aU smooth functions b: dW -> M.^ , 



which on the face of it is weaker than (wi). Lemma l4.2l shows that by a modification 
in a collar one can pass from (W2) to (wi), see Remark 14.31 This observation can 
be phrased as follows. 

Proposition 3.5. Weak symplectic fillability in the sense of (W2) is equivalent to 
fillability in the sense of (wi). D 

So for our purposes (wi) and (W2) can be used interchangeably. Beware, though, 
that a given symplectic filling may satisfy (W2), but not (wi). 
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Proposition 3.6. Given a principal S^ -bundle ir: M ^ B of Euler class e with an 
S^ -invariant contact structure £,, then with notation as above the following holds. 
There are symplectic forms Ll!± on :izB±, where — _B_ denotes _B_ with reversed 
orientation, such that 

(i) T[w±/27r] =e|B±; 
(ii) if r is non-empty, then {±B±,uj±) are weak fillings of (r,ker/3o). 

Remark 3.7. As we shall see presently, an S'^-invariant contact form a on M gives 
rise in a natural way to symplectic forms lu± on the interior of ±B±. The sym- 
plectic forms in the statement of the proposition are obtained by considering a 
diffeomorphic copy of ±B± obtained by shrinking a collar neighbourhood of its 
boundary. Conversely, in the proof of Theorem 14. 1[ where we construct an 5^- 
invariant contact form on M from symplectic forms on :izB±, we actually insert a 
'neck' [—1,1] X F between _B+ and i?_ and find a contact structure on the corre- 
sponding S'-'^-bundle over this enlarged base manifold. The approach in Section [6] 
via so-called ideal Liouville domains circumvents these subtleties. 



Proof of Proposition \3.6[ On B\T one can write the volume form fl from Lemma [3.1l 
as 

so 

UJ± := ±(d(/3/u) +w)|int(i3±) 

are symplectic forms on Int(-B±), respectively, inducing the positive orientation on 
Int(i3+) and the negative orientation on Int(i3_). Moreover, we have 

=F[w±/27r] = -[w/27r]|int(B±) = e|int(B±)- 

If r 7^ 0, we may choose e > so small that 

B^ :={peB: ± u{p) > e} 

is an isotopic copy of B± in B, and such that for each s G [— e, e] the set 

r, ■.= {peB: u{p)^s} 

is an isotopic copy of F in _B with /3s := P\tTs ^ contact form. In other words, B5^ 
is obtained from B± by shrinking a collar neighbourhood of its boundary. By Gray 
stability J, Theorem 2.2.2], the contact manifolds (F,ker/3o) and (F-|-j,ker/3-|-£) are 
diffeomorphic. 

On Fg we have for all fc = 0, . . . , n — 1, possibly after choosing a smaller e > 0, 

/3, A (d/3,)'= A c^r '""'iTr, = /? A (d/3)'^ A (d/3/e + c^r-i-'^lTr, > 0, 

so (_B^,a;+|Be) is a weak filling of (Fe,ker/3e) = (F,ker/3o). Condition (i) holds 
under the obvious diffeomorphism between i?^ and -B+. 
Similarly, on F_e we have 

/?_, A {Ap^.f A ujT^-\r^^ = /3 A (d/?)^' A (d/3/e - uj^-^-^r.^ > 0, 

so (— i3i,a;_|s^) is a weak filling of (F_e,ker/3_£) ^ (F,ker/3o) in the sense of (wi). 

D 
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4. Constructing an invariant contact structure 

We are now going to show that the conditions listed in Proposition 13.61 are in 
fact also sufficient for the existence of an 5'^-invariant contact structure on M . 

Theorem 4.1. Let n: M ^ B he a principal S^-hundle of Euler class e over a 
closed, connected, oriented manifold B of dimension 2n. Suppose that B admits 
a splitting B = _B+ Ur B_ along a (possibly empty) codimension 1 suhmanifold T 
such that there are symplectic forms uj± on :izB± and a cooriented contact structure 
ker /3 onT satisfying conditions (i) and (ii) of Proposition \3.6\ Then M admits an 
S^ -invariant contact structure with dividing set T. 

Proof of Theorem \4- l\ for F = 0. If a;+ is a symplectic form on B with —[uj^/2tt] = 
e, take a to be a connection 1-form "0 with curvature form lu^. Then we have 
a A (da)" — ip A 7r*a;" > 0. If —B admits a symplectic form aj„ with [uj^/2tt] — e, 
set a = —ip, where "0 is a connection 1-form with curvature form — a;_. Then 
a A (da)" = -i/' A 7r*a;!! > 0. D 

From now on it will be assumed that B decomposes as -B = i?+ Ur -B- with 
F 7^ 0. We begin by considering B+ and B- separately. Our ffi-st aim is to modify 
uj± in a neighbourhood of the boundary such that the new symplectic manifolds 
resemble strong fillings of (F,ker/3). The next lemma mildly generalises an idea of 
Ehashberg [5], cf. [6]. 

Lemma 4.2. The symplectic forms uj± can be modified in a collar neighbourhood 
ofT — d{±B±) in ±B± such that in a smaller collar neighbourhood (~e, 0] xT we 
can write 

uj± = ±ujI + die' p), 

possibly after replacing j3 by Kj3 for some large K G M+. Here ut^. are 2-forms 
on T, pulled back to {—s, 0] x F under the projection map to F. 

Remark 4.3. For the proof wc shall only assume that {±B±,uj±) are weak fillings 
in the sense of (W2). After the modification described in the lemma, and possibly 
after extending the new uj± in the obvious way over an attached collar [0, i?] x F 
for some large i? > 0, we obviously have a weak filling in the sense of (wi). This 
proves Proposition 13. 51 



Proof of Lemma \4.S\ For ease of notation we first consider (B^,uj-^-). Consider a 
tubular neighbourhood [0, 1] x F of the boundary, where {l}xF = F = dBj^.. Define 
the 2-form oj^ on [0, 1] x F by first restricting a;+ to T{{0} x F) (i.e. pulling back 
under the inclusion {0} x F C [0, 1] x F) and then pulling back again to [0, 1] x F. 
Then both forms oj^ and uj^ represent the cohomology class — 27re|[o,i]xrj so there 
is a 1-form 7 on [0, 1] x F such that 

w+ = uj^ + d'j. 

We continue to write /? for the 1-form on [0, 1] x F obtained by pulling back the 
original /3 from F — {1} x F. Since {B+,uj+) is a weak filling of (F, ker/3), we may 
assume that the collar [0, 1] x F had been chosen so small that condition (W2) is 
satisfied on the tangent bundle T{{t} x F) for each t € [0, 1], and for any convex 
linear combination of oj^ and uj+. In other words, for any q G [0, 1] and function 
bt: {t} x F ^ M.Q we have 

/3 A (bt d/3 -f w+ + ct d7)""^ > on T{{t} x F). 
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In the sequel we shall take bt to be constant on {t} x F, so we regard both 1 1-^ bt 
and i I— > Cf as real- valued functions on [0, 1]. Set 

u}+=u}l+ d(c7) + d{bl3) 

on [0, 1] X r, where the smooth functions b and c on [0, 1], are chosen as follows. 
Fix a small e > 0. Choose b: [0,1] — >■ Rj monotonically increasing, identically 
near t = and with b'{t) > for t > e/2. Choose c: [0, 1] -J> [0, 1] identically 1 on 
[0, e] and identically near i = 1. 
We compute 



OJ 



+ - (ndi A (6'/3 + c'7) + (6d^ + w^j^ + cdj)) A (6d/3 + tj^ + cd7)" 



By our choices, the 2n-form 

diA/3A(6d/3 + cj^ + cd7)"~^ 
is a volume form on [0,1] x F, so is 

(Lj^+Cd7)" 

on [0,e] X F, where c = 1, since wjj] + d7 = a;+. Thus, by choosing b small on 
[0, e] and b' large compared with max{l, 6, |c'|} on [e, 1] (up to some multiplicative 
constants involving the norms of the differential forms in the above expression), 
one can ensure that lj" > 0. Then a)+ is a symplectic form on [0, 1] x F and, 
in terms of the coordinate s := \ogb{t) — log 6(1), this symplectic form looks like 
wl + d(e^6(l)/3) near {1} x F. 

For {~B^,uj^) the argument is completely analogous, except that we take wE 
to be the restriction of — a;_ to T{{0} x F). The value 6(1) may be chosen the same 
for uj-\- and uj-. D 

Remark 4.4. Our choice of sign in the preceding lemma implies that when we 
regard the 2-forms w^ as forms on F, we have —[uj^/2tt] — e|r, so both forms w^ 
are curvature forms for the restriction of the S'^-bundle to F. 

The following is a generalisation of the argument used for proving [51 Theorem 1] . 

Proof of Theorem \4-. l\ for F ^ 0. By Lemma 14.21 we find a collar neighbourhood 

(-1-6,-1] X F 

of {-1} X F = F = dB+ in B+ where 

the shift in the collar parameter is made for notational convenience below. Likewise, 
we have a collar neighbourhood 

[1,1 + e) xF 

of {1} X F = F = 9(-B_) in B_ where 

UJ- = -cjE+d(e~*+^/3); 
Write the base B of the S'^-bundle as 

B+Ur([-l,l] xF)UrS_. 

Let ^± be connection 1-forms of the restriction of the S^-bundle to B± with cur- 
vature forms ±a;±. Let '(/'± be connection 1-forms of the S'^-bundle over F with 
curvature form a;£. 
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Lemma 4.5. The choices in the preceding argument can be made in such a way 
that over the two collars (—1 — £, —1] x F and [1, 1 + e) x F we have 



ip±=ip^± e 



±t+i 



/?, 



respectively, perhaps at the cost of taking a slightly smaller £ > 0. 

Proof. We only deal with ip+'j the argument for ?/j_ is completely analogous. Over 
the collar (—1 — e, —1] x F the connection forms -0+ and ip^ + e*"*"^/? have the same 
curvature form a;+. It follows that 

0^+ = ^+ + e*+ V + 7 

with 7 a closed horizontal 1-form. Choose a closed 1-form 7^" on F, which we 
also interpret as a 1-form on (—1 — e, —1] x F, representing the same class as 7 in 
7f^j^((— 1 - e, —1] X F). Then we can write 

7 = 7 + dh 

for some smooth function on (—1 — e, —1] x F. Replace ip^ by tp+ + 7^ 1 and -04- by 
tp+ — d{xh), where x- (~1 ~ £> ~1] ~^ [Oj 1] interpolates smoothly between near 
— 1 — £ and 1 near — 1 . Then the new tp^ still extends as before over _B_|_ , and near 
{ — 1} X F we have the equality claimed in the lemma. D 



We continue with the proof of Theorem 14.11 Let ipf , t G [—1, 1], be a smooth 
family of connection 1-forms on the S'^-bundle over F with f/^f = V-'± for t near =f1. 

Now choose two smooth functions / and g on the interval (— 1 — £, 1 + e) subject 
to the following conditions (see Figure [1]): 

• / is an even and nowhere zero function with f{t) = e*"*"^ near (—1 — £, —1], 

• 5 is an odd function with g{t) — 1 near (—1 — £, —1] and a single zero at 0, 

• f'g - fg' > 0, 

• / > 1 and f'g - fg' > 1 where g' ^ 0. 



9it)\ 




-1 



Figure 1. The functions / and g. 

Define a smooth S'^-invariant 1-form a on the S'^-bundlc over B by 

■0+ over _B+, 

a= i fl3 + gil}\ over [-1, 1] x F, 

—ip- over _B_. 



8 FAN DING AND HANSJORG GEIGES 

Over B± this defines a contact form by tlie same computation as in tfie proof for 
the case F = 0. Over [—1, 1] x F we compute 

a A (da)" = (//3 + ffVf)An(/d/3 + gdV'f)"-iAdt 

A(/'/3 + gV[ + 5(9Vf/5t)) 

= ni,l A dt A {if'g - fg')P + gHd^/dt)) 

Notice that dipf /dt is a horizontal 1-form, so the term where we wedge this with 
/? rather than ip^ from the first factor yields a horizontal (2n + l)-form, i.e. zero. 

Near t = — 1 we have g = 1 and ipf = ip^, hence dipf = u^. With condition (ii) 
from Proposition 13.61 this implies 

a A (da)" = nf'^jl A di A /3 A (/ d/3 + luI)''-^ > 0. 

Near i = 1 we have g = —1 and ipt — V'-j hence di/jf = oj^. Recall that wE was 
defined as the restriction of — a;_, so we get 

a A (da)" = -n/VE A dt A /? A (/d/3 - ujL)"'^ > 0. 

Finally, over the region where g' j^ 0, we have / ^ 1 and f'g — fg' ^1. It 
follows that the positive summand 

nr-\f'g ~ fg')^Pl A dt A /3 A (d/3)"-i 

in the expression for a A (da)" will dominate all other summands. 

The dividing set of the contact structure kera coincides with the zero set {0} x F 
of g. This completes the proof of the theorem. D 

5. Examples 

5.1. Prom trivial to nontrivial bundles. Here is a simple corollary of our main 
theorem. 

Corollary 5.1. Let B he a closed, oriented manifold of dimension 2n. If the trivial 
S^ -bundle over B admits an S^ -invariant contact structure with dividing set T, then 
so do all S^ -bundles over B. 

Proof. If the trivial 5'^-bundle over B admits an S'^-invariant contact structure with 
dividing set F, then by Proposition 13.61 the base B has a splitting B — B+ Ur B- 
with a contact structure ker /3 on F and exact symplectic forms dA± on -^B± such 
that (±_B±,dA±) are weak fillings of (F,ker/3). 

Given an S*^ -bundle over B of Euler class e e H^j^{B), choose 2-forms cr± on 
B± with TicTi/STr] ~ e\B±- For K G R+ sufficiently large, the 2-forms u!± :~ 
a±+K dX± are symplectic forms satisfying conditions (i) and (ii) of Proposition [376l 
Then the result follows from Theorem |4JJ D 



Using a result of Baykur [T] on decompositions of 4-manifolds, it was shown in [8l 
Corollary 2] that the trivial S'-'^-bundle over any closed, oriented 4-manifold admits 
an S'-'^-invariant contact structure. So the next corollary is immediate. We give a 
direct proof illuminating the role of Baykur's result. 

Corollary 5.2. Any S^ -bundle over any closed, oriented A-manifold admits an 
S^ -invariant contact structure. 
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Proof. According to pT, Theorem 5.2], any closed, oriented 4-nianifold B admits a 
splitting B = B+ Up B- with exact symplectic forms dA± on ±i?± that provide a 
filling of one and the same contact structure on F. In fact, the (±_B-t,dA±) can be 
taken to be Stein fillings. 

Then the argument concludes as in the proof of the preceding corollary. D 

In [8J it was also shown that CP^ x S^ admits a contact structure in every 
homotopy class of almost contact structures (i.e. reduction of the structure group 
to U(2) X 1). The same argument as in the proof of Corollary 15.11 allows us to 
extend this to nontrivial bundles: on any given S'^-bundle over CP^, any homotopy 
class of S'^-invariant almost contact structures contains a contact structure. 

5.2. It's all in the twist. With the help of an example we want to illustrate that 
the topological type of the total space M of an S'^-bundle with an invariant contact 
structure is not, in general, determined by the symplectic splitting of the base B. 
This happens whenever there are nontrivial cohomology classes in i^^R i-^) that 
restrict to zero on the pieces B± of the splitting, or in the presence of torsion in 
H^{B;Z). 

We take B = T'^ x S'^ and split it into B± = T'^ x D^. Write 6*1, 6*2 for circle 
coordinates on T", and x,y (resp. r,ip) for Cartesian (resp. polar) coordinates on 
±Dj_. Then the gluing D^ U51 D^ is given by (p i-^ (p. 

On ±B± we have the symplectic form dx A d6i — dj/ A d92- This admits the 
Liouville vector field xdx+ydy, and hence gives a strong filling of F = T^^ = d{±B±) 
with contact structure ker(cos(y9d0i — smipd92)- 

For any fc G Z, the two trivial bundles B± x S^ can be glued using the map 

5fe: i9u92,'P,0)^^{Oi, 02,^,9 -ky,) 

on the boundary. The Eulcr class e £ H^j^{B) of the resulting S'^-bundle over B 
satisfies (e, [T^ x *]) = and (e, [* x S^]) — k. The restriction of e to B± is the 
zero class. 

According to Theorem 14. H each of these bundles over B carries an S^-invariant 
contact structure that induces the same decomposition of B into two exact sym- 
plectic pieces ±B±. We shall return to this example in Section |6l 

5.3. Open books and the Bourgeois construction. An open book decompo- 
sition of a manifold N consists of a codimension 2 submanifold Bn, called the 
binding, and a (smooth, locally trivial) fibration p: N\ Bn — j- S^. The closures of 
the fibres p^^{(p), (p € S^, are called the pages. Moreover, it is required that the 
binding Bn have a trivial tubular neighbourhood Bn x D^ in which p is given by 
the angular coordinate in the D^-factor. 

If N and B^ are oriented, we orient the pages p~^{(p) consistently with their 
boundary B^. This is the same as saying that d^ together with the orientation of 
the page gives the orientation of N, cf. [7l p. 154]. 

Following Giroux [11], we say that a contact structure ^ = kera on N defined 
by a positive contact form a is supported by the open book decomposition {Bn,p) 
if 

(i) the 2-form da induces a positive symplectic form on each fibre of p, and 
(ii) the 1-form a induces a positive contact form on Bn . 
Giroux has shown that every contact structure on a closed manifold is supported 
by an open book. This fact was used by Bourgeois [4] to show that, starting from a 
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contact structure on a closed manifold N, one can produce a T^-invariant contact 
structure on the product of N with a 2-torus T^. In particular, all odd-dimensional 
tori admit a contact structure. 

We now want to indicate briefly how the Bourgeois construction can be inter- 
preted in the framework of the present note. Thus, let A^ be a closed, connected 
manifold of dimension 2n — 1 > 3 with a contact structure ^ = ker a supported by 
an open book decomposition {Bn,p). Let {r,ip) be polar coordinates on the D^- 
factor of a neighbourhood Bn x D^ of the binding _Bjv, such that f: N\ B^ -^ S^ 
is given by (p in that neighbourhood. We choose this neighbourhood so small that 
a restricts to a contact form on the manifold _Bjv x {z} for any z G D^. 

Choose a smooth function p of the variable r on Bn x D^ satisfying the require- 
ments that 

• p{r) = r near Bn = Bjy x {0}, 

• P'{r) > 0, 

• p = 1 near Bn x dD"^. 

Extend p to a smooth function on N by setting it equal to 1 outside Bn x D^. 
Then x := pcosip and y := p sin 1^9 are smooth functions on N that coincide with 
the Cartesian coordinate functions x, y on the Z?^-factor near Bn x {0} C Bn x D^. 
The identity 

X dy — y dx = p dip 

holds on all of N. 

In [1], cf. [Il Theorem 7.3.6], it was shown that 

a ~ xdcf) + J d6 

defines a T^-invariant contact structure on N x T"^ = N x S] x Sg. Our Proposi- 



tion |32] then tells us that the 1-form 

Pq :— a — X dcf) 

is an 5^-invariant contact form on 

r := {y = 0} X 51 = ((-p-^(O)) Ub„ p-^(vr)) x S^, 

and the 2-form 

w± :^±d d0 

^y y ^ 

is an S'^-invariant symplectic form on Int(±_B±), where 

B+ := p-\[0,7T]) X Si, B„ := p-\[7T, 27r]) x S^, 

i.e. B± = {±y > 0} x Si. Conversely, one can check these properties directly and 
thus derive Bourgeois's result. 

Notice that the S*^- invariant contact structure on F corresponds to the splitting 
of {y = 0} along the hypersurface {x = = y}. The splitting oi N x Si into two 
exact symplectic pieces ±B± comes from taking the two 'halves' of the open book 
on N, crossed with S\. This allows one to give simple explicit symplectic splittings 
of manifolds of the form N x S^. 

With CoroUarv lS.ll we obtain the following generalisation of Bourgeois's result. 



Corollary 5.3. Let N be a closed manifold admitting a contact structure. Then 
any principal S^ -bundle over N x S^ admits an S^ -invariant contact structure. D 
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6. Ideal Liouville domains 

The manuscript of |14j became available only after the first version of the present 
note had been completed. In this section, which is based on correspondence with 
Patrick Massot, we wish to explain how our construction can be phrased in the 
more sophisticated language of that paper. 

The following definition, taken from [Mj Section 4.2], is due to Giroux. 

Definition 6.1 (Giroux). An ideal Liouville domain is a triple (I],a;int,?7) consist- 
ing of a compact oriented 2n-manifold E with boundary, a symplectic form wint on 
the interior Int(I]), and a contact structure rj on the boundary i9E, such that there 
is an auxiliary 1-form A on Int(S]) with the following properties: 

(i) dA = cjint; 
(ii) for some (and hence any) smooth function u: S ^> Rq with 9S] as its 

regular zero set, the 1-form /3 := uX on Int(S) extends to dT, as a contact 

form for rj. 

Given an ideal Liouville domain (EjWint,??), it is easy to check that the 1-form 
uX + ud9 defines an S'-'^-invariant contact structure ^ on E x 5"^. In [T3], the pair 
(S X S*^,^) is called the Giroux domain associated with (S, wint,'?). 

We now adapt these definitions to nontrivial iS^-bundles. 

Definition 6.2. Let S and rj be as above, wint a symplectic form on Int(I]), and c 
a cohomology class in _ff^(I];Z). The tuple (I],a;int,T7,c) is called an ideal Liouville 
domain if for some (and hence any) closed 2-form w on S with —[uj/2n] = c K G 
iJ|j^(S) there exists a 1-forni A on Int(I]) such that dA — ujint — <-^ and condition 
(ii) holds as before. 

The choice of lo is indeed irrelevant. If w is replaced by a;' with [lo'] = [to], then 
id' — uj + dfj, with /i a 1-form on S. So we simply need to replace A by A' = A — /i. 
Since /i is defined on S (including the boundary), the extension of uA' to d'E 
coincides with that of uX. Observe that an ideal Liouville domain (S, wint,??, 0) is 
an ideal Liouville domain in the sense of Giroux. 

Now let TT : Af — > E be the principal S'^-bundle over S of (integral) Euler class c. 
Choose a connection 1-form ^ with curvature form w on this bundle. As before, 
it is easy to check that the 1-form uip + uj defines a contact structure ^ on M. 
Notice that ^ intersects 7r^^(9S) transversely; the intersection ^ n r(7r^^(9S)) is 
the tangent hypcrplane field given by the kernel of (the lift of) (3. We call (M, ^) 
the contactisation of (E, wi„t, ?7, c). 

Definition 6.3. Let B be a closed, oriented manifold of dimension 2n. An ideal 
Liouville splitting of class c G H'^{B;'L) is a decomposition B = _B+ Ur -B- along 
a two-sided (but not necessarily connected) hypersurface F, oriented as the bound- 
ary of i?-)-, together with a contact structure 77 on F and symplectic forms uj± on 
Int(±i?±), such that 

(±B±,a;±,r/, ±c|b±) 
are ideal Liouville domains. 

In this terminology, Proposition 13.61 can be read as saying that an S'^-invariant 
contact structure ^ = ker(/3 -I- uip) on the principal S'^-bundle M ^ B defined by 
c S H'^{B; Z) leads to a Liouville splitting of B of class c. It will become apparent 
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presently why we need to fix an integral class c in our notion of ideal Liouville 
splitting. 

Conversely, assume that the base B of the S''^ -bundle M —^ B oi Euler class c G 
H^{B; Z) admits an ideal Liouville splitting of class c. The contactisations (M±, ^±) 
of B± induce the same non-singular and S'^-invariant characteristic distribution 
^-l-nT(7r~^(r)). Therefore, any equivariant diffeomorphism of 7r~"'^(r), in particular 
the one necessary to recover M , can be used to obtain a contact manifold by gluing 
these two contactisations. This is true thanks to the following proposition, which 
is folklore. 

Proposition 6.4. Let H be a closed hypersurface in a contact manifold {M,^ = 
kera). Then the germ of ^ near H is determined by the 1-form a\TH- In partic- 
ular, if (\h is transverse to H, then the germ of ^ near H is determined by the 
codimension 1 distribution TH n ^ on H . 

Proof. By passing to a double cover, if necessary, we may assume that H is ori- 
entable. Let ^o = kerao and ^i = kerai be two contact structures near H with 
(^o\th — c^iIth- Identify a neighbourhood of H with H x R. Then we can write 
ai ^ PI +u\ dr, i = 0, 1, where /3[, r G R, is a smooth family of 1-forms on H , and 
m[ : H -^ M. & smooth family of functions. By assumption we have /3o = P^ and 
hence d/3g — d/^J*. The contact condition for the ai looks as follows, where we drop 
the subscript i for the moment (and dim A/ — 2n + l): 

(-n/3'' A [dp^'/dr) + n/3'' A du'' + u'' d/3'') A (d^'')"-^ A dr > 0. 

This expression is linear in 8/3^ /dr and u^. It follows that on a neighbourhood of 
H the convex linear interpolation at — (1 — i)ao + toi is a contact form for all 

te[o,i]. 

Now apply the Moser trick to this family, cf. [71 Chapter 2]. One finds that <^o 
is isotopic to ^1 via an isotopy ipt given as the flow of a vector field Xt £ keraj 
determined by the equation 

at -l-ixtdaf = fitctt, 

where the function fxt is given by evaluating at on the Reeb vector field of at ■ 

On TH we have at = 0. So for v G THr\£,i we have dat{Xt, v) = 0. This implies 
that Xtln ^ TH n £,i, i.e. the fiow of Xt preserves both H and the characteristic 
distribution. Since H is closed, Xt integrates to a fiow tpt, t £ [0, 1], near H. D 

In the present situation all forms in question are 5'^-invariant. Then so will be 
the isotopy ipt- This makes the gluing S'^-equivariant. 

Beware that, as in the example in Section 15. 2[ there may be a choice of glu- 
ing that can aff'ect the global topology. Indeed, along two boundary components 
with the same characteristic distribution one can glue using any S^-equivariant 
diffeomorphism that preserves this distribution. 

Let us consider that example in a little more detail. The manifold T^ x D^ 
becomes an ideal Liouville domain (in the narrow sense, i.e. with c = 0) by setting 

wint = d( d9i - d^:; 

and T] = ker(cos ((5 d^i — smipd92). The gluing maps gk preserve the characteristic 
distribution induced on T^ x S^ x S-^ by the contactisation, and hence can be used 
to glue two such contactisations. 
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Thus, we see that an ideal Liouvihe sphtting without a prescribed class c £ 
i/^(i?;Z) may not lead to a unique (M,^). If there is torsion in H'^{B±:'Z), the 
class e = c €5 R does not determine the topology of the contactisations; if there 
is a class in H'^{B;Z) that restricts to zero on B±, the topology of the manifold 
obtained by gluing the two contactisations may not be determined by c\b±- 

The following theorem generalises the equivariant classification result of Lutz |13j . 

Theorem 6.5. Letir: M ^ B be the S^ -bundle of Euler class c e H^{B; Z). Two 
invariant contact structures on M are equivariantly diffeomorphic if and only if 
they induce diffeomorphic Liouville splittings of B of class c, where it is understood 
that the diffeomorphism of B preserves the class c. 

Proof. We consider the case F 7^ 0. All arguments go through for the case F = 0, 
i.e. B = B^ ov B = B-, with the obvious modifications. 

For the 'only if direction we first need to check that the Liouville splitting in- 
duced by an invariant contact structure does not depend on choices. For notational 
convenience we only consider B^. 

Given a connection 1-form ^ on M with curvature 2-form uj, and an invariant 
contact form a — jS + uip, we get the ideal Liouville domain (i?+, uj^, rj, c\b^), where 

and rj = ker(/3|Tr)- If the connection 1-form is replaced hy ip' = tp -\- ^, with 7 a 
1-form lifted from B, then (3 needs to be replaced by /3' = /3 — M7, and a; is replaced 
hy uj' — u -\- d7. The symplectic form a;+ remains unchanged. If the contact form 
a is replaced by fa for some invariant function f : M ^ R+, then /3' = //3 and 
u' = /u, so again w+ does not change. Also, these choices do not affect the contact 
structure 77 on F. 

An equivariant diffeomorphism of invariant contact structures on M clearly in- 
duces a diffeomorphism of the induced ideal Liouville splittings. Since the S'^-bundle 
is determined by the class c G H^{B\ Z), the induced diffeomorphism of B preserves 
this class. 

Conversely, i.e. for the 'if direction, suppose that a and a' are invariant contact 
forms on M inducing Liouville splittings (of class c) of B that are diffeomorphic via 
some diffeomorphism 0: B ^ B. Write (j)*M for the total space of the S^-bundle 
over B obtained by pulling back the bundle M — > B. There is an equivariant 
diffeomorphism (ji: (jf M ^ M covering 0, and (j)*a' induces the same ideal Liouville 
splitting as a. 

Since 4> preserves the class c in integral cohomology, the bundle 4)*M -^ B is 
bundle isomorphic to M — > B, i.e. there is an equivariant diffeomorphism M -^ 
(j)* M over the identity. So we may regard cjfa' as an invariant contact form on M, 
defining the same ideal Liouville splitting as a. 

Write a = P-\- uip- Then without loss of generality we can write (t)*a' = f3' + uip. 
Both contact forms induce the same symplectic form w_|_ on Int(i?+), hence 

d(^/u)|i„t(s+) =d(^7'")lint(s+)- 
Moreover, /? and /?' induce the same contact structure 77 on F, i.e. 

ker(/3|Tr)=ker(/3'|Tr). 
Recall from Section [3] that a A (da)" ^ ip hVt, with 

f^|i„t(B^)=u"+Hd(/?/u)-fa.)" 
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and 

It follows that (1 — t)/3 + t(3' + utp is a contact form for all t G [0, 1]. Gray stability 
then yields an S'^-equivariant contact isotopy between kera and keT(f>*a'. D 

The proof of Corollary 15.11 can likewise be phrased in terms of ideal Liouville 
domains. 

Acknowledgement. We are grateful to Patrick Massot for explaining to us how to 
interpret our result in the language of ideal Liouville domains. We thank the referee 
for constructive comments on an earlier version of this paper. 
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